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Exercise 1: Gravitational Waves (12 Points)

(a)

(b)

(©)

Consider small perturbations £, around the Minkowski metric:

8uv =Nuv + Ny 1)
If the perturbation is rewritten in the form of

1
h,uv = h,uv - Eﬂ,uvhg ) 2)
the Einstein tensor is given by
1 _ _ i, i,
Guv =75 (0y0v i), + 0" Oyl = 9,0" By — 1,0y 0° B ) 3)

How do the fields fl,w and hy, transform under coordinate transformations given
by small shifts x* — x* +e* (x)? Notice the similarity to gauge transformations of
the electromagnetic potential A,,.

The harmonic gauge fixing condition reads:
1
ouh", = 5avhfj. (4)

This condition admits additional gauge transformations which further reduce the
number of independent polarizations of the gravitational wave to two. What con-
dition is obeyed by the ¢, that corresponds to these residual transformations?

Show that the harmonic gauge fixing condition implies the Lorenz gauge for the
field fzyv, ie. oM fzuv = 0. Write down the Einstein field equations in vacuum for the
field h,y in Lorenz gauge.

A solution of the Einstein equation for h, in Lorenz gauge is

(d)

(e)

fzw =Re

fdkAW exp (—ikpxP)| . (5)

Due to the Lorenz gauge condition four degrees of freedom of the solution above
can be eliminated. Give the condition on the parameters A, resulting from the
Lorenz gauge condition.

How many degrees of freedom are left?

In Lorenz gauge, the gauge functions ¢, fulfill a wave equation themselves, i.e.
0v0"ey, = 0. This equation is solved by

e* =Re

fde“exp(—ippxp) , (6)



with the free parameters C*. Show explicitly that the coefficients C# can be chosen
in a way that

fzzzo and hy=0, (7)
are satisfied. Thisis called traceless transverse gauge. How many degrees of freedom
are left?

Exercise 2: Canonical energy momentum tensor (8 Points)

The celebrated theorem by Emmy Noether states that every symmetry of the action im-
plies the conservation law for the corresponding current. Recall that the action for the
field theory in 3 + 1 dimensions is given by S = [d*x%#, where £(¢,0,¢) is the La-
grangian density, hereafter called simply the Lagrangian. In particular, a symmetry
transformation that leaves the Lagrangian invariant, 6. £ = 0, will leave the action in-
variant as well.

One finds that the variation of the Lagrangian under the infinitesimal variations of the
fields and their first derivatives is:!

0L 0L
The equation of motion for the field ¢ is derived from the action principle:
N
50 0, )
where 5 0L | 0%
== _ ) 10
50" 09 F30uP) 10
Inserting this into Eq.(8) one obtains
0L 68
0L =0y ——=0¢p|+—0¢. 11
(5.50) 5400 a

If the equation of motion is satisfied and the infinitesimal symmetry transformation
leaves the Lagrangian invariant, § Z = 0, there is a conserved current:

0L
0(0,9)
It can happen that the infinitesimal symmetry transformation does not leave Lagrangian

invariant but shifts it by a total derivative of a vector, § £ = d,K*. In this case there is a
conserved current

d,j" =0, where j* =

5. (12)

Y 0
0(0u¢)

(a) Asanexample, consider the infinitesimal spacetime translations by a constant vec-
tor ay, that is ¢ — ¢(x — a). What is the corresponding variation of the field ¢?

5¢p— KM, (13)

(b) Under this transformation the variation of the Lagrangian is 6 £ = —a*9,%£. Show
this explicitly for the case of the free scalar field whose Lagrangian is

1 1
L= —50“9[)6“(/) — Engb? (14)

1n what follows we drop the dependence on the coordinates to simplify the notation



(c) We define the canonical energy-momentum tensor S* in terms of the conserved cur-
rent that corresponds to spacetime translations:

a,S* = j*. (15)
Write down the form of S#¥ in terms of the Lagrangian.
(d) Derive the canonical energy-momentum tensor for the free electromagnetic field

using your knowledge of the Lagrangian £ = —1 Fy,, F**. What are the deficiencies
of the resulting energy-momentum tensor?



