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Aufgabe 1: Spontaneous symmetry breaking in the σ-model (10 Punkte)
The effective potential for the scalar fields has the form of

V =−µ
2

2
(σ2 +π2)+ λ

4
(σ2 +π2)2. (1)

For the case of µ2 > 0, the minimum of this potential is at

σ2 +π2 = v2 , v =
(
µ2

λ

)1/2

, (2)

and in the sheet from last week we chose the vacuum configuration to be

〈π1〉 = 〈π2〉 = 〈π3〉 = 0 , 〈σ〉 = v . (3)

Alternatively, one can choose

〈π1〉 = 〈π2〉 = 〈σ〉 = 0 , 〈π3〉 = v . (4)

• Show that the charges which do not annihilate the vacuum are Q1, Q2, and Q53,
and the Goldstone bosons are π1, π2 and σ fields.

• Show that the remaining charges Q51, Q52, and Q3 form an SU (2) algebra.

• Show that the fermion bilinear Lm = g v N̄ iγ5τ
3N generated by 〈π3〉 = v can be

transformed into the standard fermionmass term of Lm = mN N̄ ′N ′ by some chiral
rotation. Find this transformation.

Aufgabe 2: PCAC in the σ-model Lagrangian (10 Punkte)
Suppose we introduce a symmetry-breaking term into the σ-model Lagrangian

LSB =−cσ(x), (5)

where c is a constant.

• Find the new minimum for the effective potential,

V =−µ
2

2
(σ2 +π2)+ λ

4
(σ2 +π2)2 + cσ. (6)

• Show that in this case, pions are no longer massless and in the tree level, their
masses are proportional to the constant c.

• Show that the axial-vector current Aµ derived in the sheet from last week is no
longer conserved. Calculate the divergence ∂µAµ and show that it is proportional
to the pion field π.
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