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Exercise 1: Dirac algebra (8 Points)

The Dirac equation is a relativistic equation of motion for fermions,(
/p −m

)
ψ(p) = 0, (1)

where /p = pµγµ and the gamma matrices γµ satisfy the anticommutator relation{
γµ,γν

}≡ γµγν+γνγµ = 2gµν1 . (2)

In the following, we give a list of tensors which form a complete basis and can be con-
structed out of gamma matrices:

tensor degrees of freedom
1 1
γµ 4

γ[µγν] =−iσµν = 1
2εµνρωσ

ρωγ5 6
γ[µγνγρ] =−iεµνρωγωγ5 4
γ[µγνγργω] =−iεµνρωγ5 1

(3)

with γ5 = iγ0γ1γ2γ3 and σµν ≡ i
2

[
γµ,γν

]
. We define the antisymmetric product as

A[a1,...,an ] ≡ 1

n!

( ∑
even perm. in ai

Aa1,...,an −
∑

odd perm. in ai

Aa1,...,an

)
. (4)

Since the tensors in Eq. (3) form a basis, every product M of gamma matrices can be
written as a linear combination of those 16 tensors:

M =∑
a

M aΓa , (5)

where Γa = {
1, γµ, γ[µγν], γ[µγνγρ], γ[µγνγργω]

}
and M a denote the expansion coeffi-

cients. While all tensors can be separated into a symmetric and an antisymmetric part,
it can be done more efficiently and easily in this particular basis.
The following relations hold:

Tr
(
γµ

)= 0, Tr
(
γµγν

)= 4gµν ,
{
γµ,γ5}= 0. (6)

a) Show that

γ5 =− i

4!
εµνρωγµγνγργω . (7)

b) Use Eqs. (6) and (7) to show that

γ[µγνγρ] =−iεµνρωγ
ωγ5 . (8)
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c) An alternative basis is Γa = {
1, γµ, σµν, iγµγ5, γ5

}
. Just as the basis in Eq. (3), these

matrices form an orthonormal basis with respect to the scalar product

〈Γa ,Γb〉 ≡
1

4
Tr

(
ΓaΓ

b
)

. (9)

Prove that the aforementioned basis is indeed orthonormal, i.e. show that

〈Γa ,Γb〉 = δab . (10)

Hints:

εαβγδεαβγδ =−4! , (11)
εαβγµεαβγν =−6δµν , (12)

εαβµνεαβρσ =−2
(
δ
µ
ρδ

ν
σ−δµσδνρ

)
, (13)

ε0123 =−ε0123 =+1. (14)

In general, the following relation holds in n-dimensional Minkowski space:

εµ1...µmαm+1...αnεν1...νmαm+1...αn =−m!(n −m)!δ[µ1
ν1

. . .δµm ]
νm

. (15)

Exercise 2: Lorentz transformations of spinors (6 Points)

Left and right-handedWeyl spinorsφL/R are two-componentmathematical objects which
are defined by their Lorentz transformation properties. They transform under a proper,
orthochronous Lorentz transformation Λ ∈ L↑

+ as

φL/R (x) → SL/R (Λ)φL/R
(
Λ−1x

)
. (16)

The transformations SL/R (Λ) are functions of rotation angles ~θ and rapidities~η, which
parametrize the Lorentz transformations Λ=Λ

(
~θ,~η

)
. We can write

SL/R (Λ) = exp

(
−i
~θ ·~σ

2
∓~η ·~σ

2

)
, (17)

where σi denote the Pauli matrices which satisfy the anticommutator relation{
σi ,σ j

}
= 2δi j . (18)

Additional information/Context:
Dirac spinors ψ are four-component objects and are composed by one left and one right-
handed Weyl spinor:

ψ=
(
φL

φR

)
. (19)

The dependence of left and right-handed components of a particle are determined by
the Dirac equation. Then, left and right-handed states can be obtained by applying the
projection operator

PL/R = 1

2

(
1∓γ5) (20)

onto the Dirac spinors.
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a) Show that the following equation holds for arbitrary ~θ and~η:

detSL/R (Λ) = 1. (21)

b) Calculate SL/R (Λ) in the case of a rotation along the z-axis, i.e. ~θ = θz~ez and~η=~0.
Furthermore, compute SL/R (Λ) for θz = 2π and θz = 4π. Compare your results to
those of an analogous rotation of a vector in R3. What do you notice?

c) Show that the following equation holds for Lorentz boosts with ~θ = 0:

SL/R (Λ) = exp

(
∓~η ·~σ

2

)
=1cosh

( |~η|
2

)
∓ ~σ ·~η

|~η| sinh

( |~η|
2

)
. (22)

Afterwards, calculate SL/R (Λ) for a Lorentz boost from the rest frame into a refer-
ence frame with momentum ~p.

Exercise 3: Dirac spinors (6 Points)

Solutions of the Dirac equation are defined as ψ+
j (p) = u j (p)exp

(−ipx
)
and ψ−

j (p) =
v j (p)exp

(
ipx

)
, with j = 1,2 and Dirac spinors

u j (p) = /p +mp
2(E +m)

(
ξ j

ξ j

)
, v j (p) = −/p +mp

2(E +m)

(
ξ j

−ξ j

)
, (23)

ξ1 =
(
1
0

)
, ξ2 =

(
0
1

)
. (24)

Show the following relations for spinors with four-momentum p, where p2 = m2 and
p0 = E > 0:

a) ūi (p)u j (p) = 2mδi j , v̄i (p)v j (p) =−2mδi j
(
normalization

)
,

b) ūi (p)v j (p) = v̄i (p)u j (p) = 0
(
orthogonality

)
,

c) ∑
i ui (p)ūi (p) = /p +m ,

∑
i vi (p)v̄i (p) = /p −m

(
completeness

)
,

where ū = u†γ0 , /p = pµγµ and

γ0 =
(
0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
,

(
σi

)2 =1 . (25)
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